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a b s t r a c t
We show that the fundamental methodology (and practice) of evaluation of derivative
securities in continuous-time models is consistent with discrete-time theory, in which a
derivative price is based on the principle that adding this security to the market does not
create a violation of the basic economic principle: no riskless profit with zero investment.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
In the modern mathematical theory of financial markets, pride of place is given to pricing derivative securities under
the key economic assumption of the absence of arbitrage. A derivative is described by a random payoff at some future
time T . Dynamically varying portfolios, consisting solely of stocks and bonds, and arriving at this payoff at T , provide a
so-called replication strategy. The main pricing principle is based on comparing the initial values of such a strategy and a
hypothetical market price of the derivative. Any difference between this price and the initial value (cost) of the strategy
gives us an opportunity for a riskless profit: buy the cheaper asset, sell the expensive one, and break even at T , maintaining
the initial difference as profit. To carry out these transactions it becomes necessary to consider holdings in the derivative
security being priced. Therefore we have to define an extended market, including the derivative securities in question, and
allow admissible trading strategies in this market. Then we prove that no-arbitrage pricing is consistent with replication.
This provides both amethodology and a practical prescription of what to do should a derivative price observed in themarket
depart from the price provided by the replication procedure.
In the discrete-time setting in Theorem 2.5.2 of [1], it is shown that the price for a derivative consistent with the no-
arbitrage assumption is that determined by the replicating strategy. For the Black–Scholes model in continuous time, we
are not aware of a similar construction in the extended market. In some texts (see, e.g., [2]) the result of the present paper
is assumed as the definition of no-arbitrage prices. In [3], the identity of option price and replicating strategy is proved, but
without the lower bound on the strategy values at all times, which is crucial for eliminating doubling strategies and realistic
from the point of view of market practice.
2. Pricing in extended markets
On a filtered probability space (Ω,F , {Ft}t≥0, P), we consider a basic market, consisting of a non-negative Itô process
S(t) to represent stock prices and a smooth deterministic functionA(t)describing risk-free asset dynamics. In thismarketwe
consider trading strategies, x(t) representing the number of stocks and y(t) the number of risk-free assets, bothFt-adapted
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processes with
 T
0 x
2(s)dS(s) and
 T
0 |y(s)|dA(s) finite a.s. The value process is defined by V(x,y)(t) = x(t)S(t) + y(t)A(t)
and assumed to be self-financing: dV(x,y)(t) = x(t)dS(t)+ y(t)dA(t). We say that (x(t), y(t)) is an arbitrage opportunity if
V(x,y)(0) = 0, V(x,y)(t) ≥ −L for all t , while for some t ′, V(x,y)(t ′) ≥ 0 a.s. (P) and P(V(x,y)(t ′) > 0) > 0. The No-Arbitrage
Principle says that arbitrage is not possible, which is a basic criterion for pricing. A European derivative security is
represented by an FT -measurable payoff H available at time T , and we have to find its price H(t) at t ∈ [0, T ] (with
H(T ) = H). Economic principles suggest the following criterion: H(t) is such that No-Arbitrage Principle is preserved.
However, to formulate this, we have to extend the market by treating H(t) as a third tradable asset, which we assume
is also an Itô process. The strategy is now a triple of adapted processes (x(t), y(t), z(t)) with value process V(x,y,z)(t) =
x(t)S(t)+ y(t)A(t)+ z(t)H(t) satisfying the self-financing condition:
dV(x,y,z)(t) = x(t)dS(t)+ y(t)dA(t)+ z(t)dH(t).
Theorem 1. If H is replicated by (x(t), y(t)), i.e. H = V(x,y)(T ), the No-Arbitrage Principle implies that H(t) = V(x,y)(t) for all
t in [0, T ].
Proof. We assume, without loss of generality, that A(t) = 1 for all t . Suppose that for some t0 < T we have V(x,y)(t0, ω) ≠
H(t0, ω) for ω ∈ B, P(B) > 0. Then B is the union of two disjoint events,
B1 = {ω : V(x,y)(t0, ω) < H(t0, ω)}, B2 = {ω : V(x,y)(t0, ω) > H(t0, ω)},
and at least one of them has positive probability. We now build an arbitrage strategy xa, ya, za. For s < t0 we do nothing:
xa(s) = ya(s) = za(s) = 0; hence V(xa,ya,za)(s) = 0. At any ω ∉ B we keep this zero portfolio until time T . At t0, only in B,
and depending on which inequality obtains at ω, we buy the cheap asset and sell the expensive one to invest the balance
risk-free. So, setting Y (t0) = |V(x,y)(t0)− H(t0)|, we take
xa(t0) = 1B1x(t0)− 1B2x(t0),
ya(t0) = 1B1y(t0)− 1B2y(t0)+ 1B1∪B2Y (t0),
za(t0) = −1B1 + 1B2 ,
with V(xa,yb,za)(t0) = 0. At time T we would earn Y (t0) for ω in B, due to replication, but to keep the value above −L
we design a sequence of stopping times indicating the periods during which we have to withdraw from investing in
the strategy (x(t), y(t)) to control the losses, which may emerge as a result of the difference between H(t) and V(x,y)(t)
going the wrong way. We wish to limit the total accumulated loss at any time to 12 L so that our value process remains
above −L, while on the other hand we wish to limit our loss to 12Y (t0), so that by time T we retain positive gain. Let
Y (t0) = min{L, |V(x,y)(t0)− H(t0)|}. For t ≥ t0, ω ∈ B, we extend xa, ya, za defined above simply by replacing x(t0) by x(t)
and y(t0) by y(t). To react if unwanted losses emerge, introduce Y (t) = |V(x,y)(t)− H(t)|, and, for ω ∈ B,
τ1 = inf

s > t0 : Y (s) ≥ Y (t0)

1+ 1
2

∧ T .
We liquidate our holdings in H and V(x,y) at time τ1, and so za(τ1) = 0, xa(τ1) = 0, ya(τ1) = − 12Y (t0). On B, this gives
V(xa,ya,za)(τ1) = − 12Y (t0) > −L. For t ≥ τ1, we keep the position taken at τ1 and have constant components za(t) =
0, xa(t) = 0, ya(t) = − 12Y (t0). The next change is aimed at recovering some loss, and this follows from the fact that
H(t) − V(x,y)(t) goes to 0 eventually, so there is τ2 at which Y (t) = |H(t) − V(x,y)(t)| crosses Y (t0)(1 + 14 ). We want the
sequence τn we construct to converge to T , so we require τ2 ≥ T − 12 (assume T > 1). If the Itô process H(t)− V(x,y)(t) has
finite variation, it must be constant, so no modifications are needed at all. Otherwise, for ω ∈ B there exists s ∈ (T − 12 , T )
such that Y (s) > Y (t0)(1+ 12 ), while at T this difference is 0, so the stopping time
τ2 = min

s ≥ max

τ1, T − 12

: Y (s) ≤ Y (t0)

1+ 1
4

∧ T if ω ∈ B,
with τ2 = T if ω ∈ Ω \ B, is well defined. At this random time, for ω ∈ B, we rebuild our holdings in H and V(x,y), setting
xa(τ2) = 1B1x(τ2)− 1B2x(τ2),
ya(τ2) = 1B1y(τ2)− 1B2y(τ2)+ 1B1∪B2

−1
2
Y (t0)+ 14Y (t0)

,
za(τ2) = −1B1 + 1B2 .
We have made up some lost ground, since |H(τ2)− (x(τ2)S(τ2)+ y(τ2))| = (1+ 14 )Y (t0), and the net result of our actions
at τ1 and τ2 is that our holding of cash at time τ2 is 34Y (t0). In general, for ω ∈ B, we set τ0 = t0 and
τ2n+1 = min

s ≥ τ2n : Y (s) ≥ Y (t0)

1+ 1
2
1
2n

∧ T ,
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τ2n+2 = min

s ≥ max

τ2n+1, T − 12n+ 2

: Y (s) ≤ Y (t0)

1+ 1
2
1
2n+1

∧ T ,
with τk = T outside B, keeping the value above −L at all times and losing in total at most half of the initial profit, thus
maintaining an arbitrage profit of at least 12Y (t0) at time T on all of B. It is routine to check that the τk are stopping times.
We introduce the sets
Ck = {(t, ω) : ω ∈ B, τk(ω) ≤ t < τk+1(ω)}, k = 0, 1, 2, . . . ,
and only on sets of the form C2n do our strategies involve positions in H and V(x,y). We can write on B1 ∪ B2
xa(s) =
∞
n=0
1C2n(s)[1B1 − 1B2 ]x(s),
ya(s) =
∞
n=0
1C2n(s)[1B1 − 1B2 ]y(s)+
∞
n=0
1C2n∪C2n+1

1+ 1
2n

Y (t0),
za(s, ω) =
∞
n=0
1C2n(s)[−1B1 + 1B2 ],
and, outside these sets, x, z are 0 and y is constant. The self-financing condition reads
V(xa,yb,za)(t) =
 t
t0
xa(s)dS(s)+
 t
t0
za(s)dH(s). (1)
For t < t0, both sides are zero. Fix t ∈ [t0, T ), and note that the sequence τn converges to T , since τn ≥ T − 1n−1 ,
so there is a deterministic n0 such that τn0 ≤ t, τn0+1 > t for ω ∈ B (with τn = T for ω ∉ B). So the sums in the
definition of xa, ya, za are finite, and so we will have finite sums on both sides above. Consider the first interval: t ∈ [τ0, τ1).
Define D0 = {ω ∈ B : t0 ≤ t < τ1}. For all s ≤ t , for all (s, ω) ∈ C0, xa(s, ω) = 1C0(s, ω)

1B1x(s, ω)− 1B2x(s, ω)

, ya(s, ω)
= 1C0(s, ω)

1B1y(s, ω)− 1B2y(s, ω)+ 1B1∪B2Y (s0, ω)

, za(s, ω) = 1C0(s, ω)
−1B1 + 1B2. For ω ∈ D0, the right-hand side
of (1) is t
t0
1C0

1B1x(s)− 1B2x(s)

dS(s)+
 t
t0
1C0
−1B1 + 1B2 dH(s)
= 1B1 − 1B2 1D0  t
t0
x(s)dS(s)− 1D0 (H(t)− H(t0))

(Proposition 7.5 of [4])
= 1B1 − 1B2 V(x,y)(t)− V(x,y)(t0)− (H(t)− H(t0)) ((x, y) is self-financing)
= xa(t)S(t)+ ya(t)− 1B1∪B2Y (t0)+ zaH(t)+

1B1 − 1B2
 
H(t0)− V(x,y)(t0)

= V(xa,yb,za)(t).
For the second interval, [τ1, τ2) = {(t, ω) : τ1 ≤ t < τ2}, we note that x, z are zero here; hence so is
 t
τ1
x(s)dS(s) + t
τ1
z(s)dH(s), but due to the construction the value of the strategy remains constant: V(xa,ya,za)(τ1) = V(xa,ya,za)(t). For further
active periods (non-zero x, z), we argue in the same way as for t ∈ [τ0, τ1), working on the sets Ck for even k, whereas for
non-active sets (where x, z are zero), we note that V(xa,ya,za)(t) is constant on Ck for odd k. 
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